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l. (a) lt x and 1, are positive.rea{ numbers.r.vith x < y,
then provc that there exists a rational nurnU..

(6 5)
I

(b) Dcline Infirnum and Strprentum of a nonempr), set

of IR. Find infimum and suprernurn of the set

t (-r)" lS:li 
--,ne 

N[. (6.5)
[n]

P.T.O.

reQsuchthatx<r<y.

t t,

,tr

or

,),

Iot

(6)

b

l.

5)

6)

the

b.) )

1S

' the

(6.s)

.T.O.
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/:n+t ) Itlrat lrm I l-
n-- [2n * 5.1 2

(c) Let x, : 1 and xn-, : ]tr*, + 3) for n e N. Shorv

that (x,) is bounded and monorone. Find the

limit. (5 5)

2.

(c) State the completeness property, of F-,. hence shor,,.

that every nonempt,v set ol real numbers r.r,hich is

bounded below, has an infimum in IR.. (6 5)

(a) Prove that there does not exist a rational number

r € Q such that 12 : 2. (5)

(b) Define an open set and a closed set in R.. Shorv

that if a, b e R, tiren the open interval (a, b) is
an open set. (6)

(c) Let S be a nonempty bounded set in F,. Let a > 0.

and let aS : ias: s e S) Prove that rnf (aS) .=

a(inf S) and sup (aS) : a(supS). (6)

(a) Define limit of a sequence. Using deflnition shou,J.

(6 5)

(b) Prove that every convergent sequence is bounded.

Is the-converse true? Justify. (6 s)

i
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1.

3

id (U") converges to a and

" prove that (a"b,,) converges to

(a) il 
',,,,

respccl

(b) S ho,,:

(c) State

's 
eq Ll L- rl

deli n,:

CO ll \,r'

b

ab.

(6)

(6)tr ,'/n :1.

:hy Convergence Criterion

Jence show that the sequence

l1' ?,r:i+- f.. ...+-. 
does2n

for

(u,),

i
x

2

I
II
::

I
x
?

:i

:1

:
not

(6)

). (a) Pro',.

cclt\',,.

coit \

(b) Exa:r:

frtilor,

if an infinite

'hen lim a, = 6.
n-?qr

^\-4noI !n=l ln + 3.

series I]=,u" is

Hence examine lhe

(6.s) ;)

s)

U.

{.il

I convergenqe or divergence of the
ri es.

6-+-+..., i I (6.s)

P.T.O.
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(c) Prove that I:r+;, p > 0 is convergent for
n(tn n)"

p>1 anddivergentforP<l' (65)

6. (a) State and prove ratio test (iimit form)'

(b) Examine the convergence or divergence of

following serics'

(.i) t',

ll jr 3'l

/' J: r'

1111
(c) Prove that the series 

---+ir-, I l,5+"' 1s

conditionaily convergent. (6)

(6)

the

(6)

(200)
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2.

3.

Iustructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.

A11 sections are computsory.

Marks of each part are indicated.

Section - I
l. Attempt any two out of the following: 17.s+7.s1

(a) Find the integral surfaces of the quation u u* * rty = L for the initial data:

r(s,0) = s,Y(s,0) = 2s,u(s,0) = s.

(b) Apply ,!i = v andv(x,y) = f (x) + g(y)to solve:

xa u!+t'4 = 4u'

(c) Find the solution of the initial-value syst€ms

Itg * Ullx = €-u72, 72s - o12, = Q,

with u{r,0) = x and v(x,0) = e'.

,4,P.9]n>,?r' lq
.!i \Y

$'*r*",* \i;i t'*l^** 
1.iltrL JF

Sxrt#

P.T.O.
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Section - II
2. Attempt anyone out ofthe foltowing: t6l

(4 Derive the two- dimensional wave equation of the vibrating membrane

t4t=c?{ltrx*urr)*F,

where, cz = T / p, and lis the tensile force per unit lengfli.' 
j

; 
F = f /p,and/betheorternalforce, actingonthe membrane.

(b) Drive the Potential equation VzV = 0, where 72 is known as taplace operator.

3. Attempt any two out of the following: 
[6+6]

(a) Determine the general solution of

4ur* * 5u*, * uyy * u* * u, -_ Z"

(b) Given that the parabotic equation

uxx=aur*bur*cu*f,
where the coefficients are constants, by the substitution u = v elb* undfor the case

c = -(bz /4), show that the given equation is reduced to the heat equation

uxx=avr*9,
where g = f e-bx/z.

(c) Reduce the equation

(n - 7)zu*, - yzn uyy = n yzn-r ltr,
to canonical form forn = 1 and n = 2 if possible and also find their solutions.

Section - [II

4" Attempt any three parts out of the following: U+7+7)
(a) Determine the solution of the given below initial-value problem

ttss - c27tr, = a, u(x,O) = g, u6(r,0) = 3.

2
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a

(b) Obtain the solution of the initialboundary-value problem

ug(x,g)=x3, 0< x1a,

ur(O,f)=0, t>0.

(c) Solve: 
.:

llft = C2llrr,

u(x,t)-f(x) on

u(x,t) = g(x) on

where l(0) = g(0).

(d) Determine the solution of the initial boundary-value problem:

ttsg = 91ty7,

u(r,0) - g,

TlsS = C2lLaa,

u(r,0) = f (x),

ur(x,0) = g(x),

0<x<oo, f >0,

0(r(oo,

f = r(r),

x*ct=0,

0<x<1, t>0

01x < l,

0(r(1,

5.

u(0, t) = g, u(l,t) - 0, t > 0.

Section - IV
Attempt any three out of the following:

(a) Determine the solution of the initial boundary varue probrem:

[7+7+7]

71, = 4 11rr, 01x<1, f >0

u(x,O) = x2 (l- x), 0 (xS 1,

u(0, r) - 0, u(l,t) - 0, f > 0.

(b) Determine the solution of the initial boundary value problem by the method of
separation of variables:

u6=C21)rx, 0 <x<tt, t>O

u(x,O)=9, 0<-xSn,

ur(x,0) = Bsin2r, O S x 1tr,

u(0, t) - 0, u(rr,t) = g, t > 0.

P.T.O.

3
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(c) Solve by using method of separation of variables:

ttsl-ttya=h, 0<r<1, f>0,hisaconstant

u(x,o)=a2, 0(r(1,

u(0,t) =6, u(1,t) = g t > 0.

- (d) State and prove the uniqui:ness of solution of the heat conduction problem.

(3soo)

4
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Name of the Paper : Riemann Integration and Series of Functions

Name of the Course : B.Sc. (H) Mathematics

Semester : IV

Duration : 3 Hours

Instructions for Candidates

Maximum Marks : 75

l. Write your Roll No. on the top immediately on receipt of this question paper.

2. Attempt tlvo parts from each question.

I (") Let./' be integrable on [a, b], and suppose g is a function on [a, b] such that g(.r) : /(x)
exceptforfinitelymany,rin[a, b].Showgis integrableand f! S = t f (6)

(b) Show that if f is integrable on [a, b] then /2 atso is integrabte on [a, b]. (6)
(c) (i) Let/ be a continuous function on [a,b] such that f (x) > 0 tbr all x e fa, b]. Show

Your RolI No...

E

(3)

(3)

(6 s)

(6 s)

(6 -5)

P.T.O.

that if t f<O d.x : }thenf(x) = 0 for allx e [a,b]
(ii) Give an example of function such that l/l is integrable on [0, l] but / is not

integrable on [0,1]. Justify it.

2(a) State and prove Fundamental Theorem of Calcuhts I.
(b) State Intermediate Value Theorem for Integrals. Evaluare ig i ff et' d.t.,

(c) Let firnction/: [0,1] --+ R be detjned as

r(,\:fxz if x is rational
r \ '/ (o if x is irratlonal

Calculate the upper and lorver Darboux integrals for / on the interval [0,1]. Is /
integrable on [0.1] ?

3(a) Examine the convergence of the improper integral f" e-x xn-l dx , (6)

(b) Slrow that the improper integral J: Ydx is convergent but not absolutely convergent.

(6)



a

4686

Determine the convergence or divergence of trre improper integrat(i) t#
(ii) I:#

Show that the sequence

f*(x): ffi, xe[0,1], ne N

converges non-uniformly to an integrable function f on [0,1] such that

lg1f fn?)dx=lifu)a*

Show that the sequence {xz e-nxl conrerges uniformly on [0, co).

Let (f,rl be a sequence of conrinuous function on .4 c R and suppose that (fn) convergcs
r"rniformly on A to a function f : A ---- R. Show that f is continuous on A. (6.5)

5(a) Let fn(x) = # fbr x > 0. Shorv that seqnence (fi) converges non-unifbnlly on
[0, -) and converges uniformly on [a, m), n > 0. (6.5)(b) State and prove Weierstrass M-test for the tiniform Convergence ola series of functions.

(6 5)
(c) Sholv that the series of functions L*J, converges uniformly on R to a continuous

tunction. n'+Y'
(6 5)6(a) (i) Find the exact interval of convergence of the power series (3)

+
/2-"x'"

(ii) Define sinx as a power series Xrl n"o its radius of convergence (3)
(b) Prove that I[=r nzx' : ** for lxl < 1 and hence evaluate ri=rT1r-rl'. 

(6)(1-x)' 3n(c) Let f (x) = XX=o anxn have radius of convergence R ) 0. Then / is dilterentiablc on(-R, R) and

(c)

4(a)

((r)

16.5 )

(6 s)
(b)

(c)

f '(x) = \fr=rnanxi-t f or lxl < R. (6)

(3s00)

)
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1. (a) Find all

2

the zero divisors and units in zr@

(a

2..
o

(6)

(c) State and prove the Subring test

(b) Prove that characteristic

0 or prime number p.

of an integral domain is

(6)

(6)

ring with unity and

then prove that R/A

is a maximal ideal of

(a)2. Let R be

let A be

is a field

R.

a eommutative

an ideal of R

if and only if A

(b) LetAandBare

ring R with unity

AnB: AB.

two ideals of

and A+B:R

(6)

a commutative

then show that

(6)

i
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(c) tf an

that

field

3

ideal I of a ring R contains a unit then show

I:R. Hence prove that the only ideals of a

(6)

(6.5)

ii

F are {0} and F itself.

J. (a) Find all ring homomorphism from Zu to Zrr.

(b) Let and (D be the mapping

[a b.]
that takes | | to a-b. Show that

Lb al

(i) O is a ring homomorphism.

(ii) Determine Ker O.

(iii) Show that R/Ker (D is isomorphic to Z.

(6.5)

P.T.O.

lla bl IR=il lla.beZl
llu u-l' )
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(c) Using homomorphism, prove that an integer n with

decimal representation an &r_r ... ... ao is divisible

by 9 iff &r * &r_r + ... + ao is divisible by 9.

(6.s)

4. (a) Let V(F)

function

Let V" :

be the vector

over IR..

space of all real valued

{f e Vlf(x): f(-x) V xeR)

and Vo:{f = Vlf(-x) : -f(*) V xelR)

Prove that V. and Vo are subspaces of V and

V: V.€) V". (6)
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(b) Let V(F) be a vector space and let S, g S, g V.

Prove that

(i) If Sl is linearly dependent then S, is linearly

dependent

(ii) If S, is linearly independent then S, is

linearly independent (6)

t

(c) Show rrr, ,:{[t
l.t, t

a basis for Mry2( (6)

l\ r1 1\ /1 0\ r0 l)l
oJ'[o ,,J'[, , J [, ,)l
R).

forms

5. (a) Let T: lR3 -+ lR2 be the linear transformation

defined by

T(a, a, a.) : (ar* ar,2ar).

P.T.O.

ri. 'lt,j
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^.\

i
6

Find Null space and

Dimension Theorem.

Range space of T and verify

(6 5)

(b) Define T: Mrrr(IR) -+ Pr(R) bV

(2d)x + bx2

Le,u={[;:)t:;)(?

y : {1, x, x2} be basis of

respectively. Comput" tTl;.

(a
TI

Ic

o'l :,u+b)+
d)

0\ r0 0)l
o,]'Io tI

Mrrr(IR) and

and

P2(R)

(6.s)

(c) Let V and W be vector spaces over F, and suppose

that {v,, vr,..., vo} be a basis for V. For w, w2r...: wo

in W. Prove that there exists exactly one linear

transformation T: V -+ W such that t1v,) : w, for

i : 1,2,...,n. (6.s)
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6. (a) Let T be the

7

linear operator on IR2 define by

a

(a\ (2a+b\
Tl l=l I(bl [a-3b]

the standard orderedLet B be basis for iR.2 and let

Find IT]r,. (6.5)

(b) Let V and W be finite dimensional vector spaces

with ordered basis B and y respectively. Let

T: V -+ W be linear. Then T is invertible if and

onlv if lTll is invertible.,tJ

u,={(i),(r)}

Furthermor ", lr'7: (tr1i ) (6.5)

P.T.O.

' { .,!-
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(c) Let V, W and Z be finite dimensional vector

spaces with ordered basis o, F, y respectively. Let

T: V -+ W and U: W + Zbe linear transformations.

rhen [ur]l = Iull trll (6.s)

(1 000)

&

E

c'1
a\
I
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of this question paper.

2. All questions are compulsory,

3. Attempt two parts from each question.

1. (a) Find and sketch, showing corresponding
orientations. the images of the hyperbolas

-.2 -.2 -x- - y- : c, (c,<0) and 2xy : c, (cr<0)

under the transformation u, : 22. (6)

P.T,O.

(a
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(b) (i)

7
hi

the limit of the function

r ;2
IZ\

f (z)=1- 
1\z)

to 0 does not exist.

(ii) Show that

.. 422lim " =4.,-* (z _l),

(c) Show that the following functions

differentiable.

Prove that

as z tends

(i)f(z):z-2,

(ii) f(z) : evcosx + ieY sinx.

(3+3:6)

are nowhere

(3-3:6)

(3+3:6)

terms of

-F g -2xY.

(d) (i) If a function f(z) is continuous and nonzero

at a point zo, then show that f(z) * 0

throughout some neighborhood of that point.

Show that the function f(z) - (22 - z1e,'s-iv(ii)

2.

is entire.

(a) (i) Write lexp(22 + i)l and {exp(iz2)l in
x and y. Then show that

lexp exp {22+I) + exp(iz2)l S e2*

(l
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(ii) Find the value of z such that

e'=l+,,,6i (3.5-3:6.5)

1b) Shou' that

(i) cos(iz)=cos(iZ) for all z;

(ii) sitr(i4=sin(iz) if and only if z : nrci

(n: 0 *1, +2,....). (3.5+3:6.5)

tc t Sirori' that

tit 1og 1og 1i:) :21ogi n,here

fo-
lLrgz: Inr i0(r = O, I . g . T).4+

rrir iog 1og (i?) * 2logi where

1x lln
logz : Inr - i0(rr0, ? .6. f ).

AT

(3.5+3:6.5)

(d t Find ali zeros of sinz and ccsz. (3.5+3:6.5)
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3. (a)

4

State Fundamental theorem of Calculus.

Evaluate the foilorving integrals to test

Fundamental theorem of Calcuius holds true

not :

.fil I(i) J, exp( t - it )dL

1i4 f(;t-i)2ot (2+2+2:6)

(b) Let y(x) be a real valued function defined
piecewise on the interval 0 < x < 1 as

y(x) : x3sin(n/x), 0 < x S 1 and y(0) = 0

Does this equation z - x T iy, 0 S x < I represent

(i) an arc

(ii) A smooth arc. Justify.

Find the points of intersection of this arc with real

axis. (2+2+2-'6)

(c) For an arbiirary smooth curr,e C: z: z(t)- a < t S b.

from'a fixed point z, to another fixed pornt 2,,

show that the value of the integral depends only

on the end points of C.

I
,
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4.

State if it is independent of the arc under
consideration or not?"

Also, find its value around any ctosed contour.

(3+1+2:6)

(d) Without evaluation of the integral, prove that

Iit,

il #-"1-+ where C is the straighr line
lrc z' -l I 2.,/s

segment from 2 to 2 +i. Also, state the theorem

used. @+2:6)

(a) Use the method of antiderivative to show that

I k-rn)"-',ir:0, n - x7,-rZ,-- rvhere C is anyJr'

closed contour which d.oes not pass through the

point zo. State the corresponding result used.

(4+2. s=6.s)

(b) Use Cauchy Gourset theorem to evaluate :

trr J rf z)dz. when f (r)=-+ " and C is
z'+22+2

the unit circle lzl : 1 in either direction.

P.T.O.
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(ii) [ t(r)or. when r1t1=-!!- anrl C is
Jc ' z- -?z-3
the circle lz-2; : 2. (3+3'5:6.5)

4

(c) State and prove Cauchl' Iirtegral Formula'

(2.,+.5:6.5)

(d) Evaluate the following integrals :

(i) i --9os:-'{lz ' rvhcre c is the posirir e

'czlz'+8i

oriented boundary ol the square lvhose

sides lie along the lines x : +2 andy: +2'

,.:\ I 2s2 -s-20r" .z - 3 al 7 -2, *,here C(,,) 
J, 
_, 

* 2

is the circle zl :3. (3.5+3:6'5)

5. (a) If a series of complex nuulbers converges then

prove that the nth term converges to zero as n

tends. to infinity. Is the conYerse true? Justify.

(6.5)
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(b) Find the Maclaurin series for the function
f(z) : Sinh z. (6.5)

(c) rf a series II=ou, (r-ro)n .onu".ges to f(z) at

all points interior to some circle )z * zsl: R, then
prove that it is the Tayl0r series for the function

I

f(z) in powers of z - zo.

(d) Find the integral of f(z) around the

oriented circle lrJ: 3 when f (z)=

(a) For rhe given tunoion re)=[=+)', show anv
\22+l) ' 

et^vtt st'r

singular poini is a pole. Determine the order of
each pole and find the corresponding residue.

(6)

(b) Find the Laurent Series that represents the function

f (z)=r2 ,in) in rhe domain 0 < Izl < .o. (6)

P.T.O.

(6.s)

positively

6.

(32+2
z(z -1)(zz + s)'

(6.s)

:
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Suppose that zn = *,, * iyr, (, : i,2,3,...) and

S : X + iY. Then shou, that

I]=,r^ =S iff II=,*" =, ono fl-,Y, =Y.

(6)

(d) If a function f(z) is analytic everywhere rn the

finite plane except for a finite number of singular

points interior to a positively oriented simple closed

contour C, then shorv that

J 11,1a, =r",1),[])l

(c)

(6)

(1 000)
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Instructions for Canclidates

i. Write your Rol1 No. on the top in.ir.nediarcly cn rcccipt
of this qucsl ion paper.

2. All the questions are collplllsory.

3. Attempt an)' tt'o parts fron each qucstion.

4. Marks of cach part itrc irrdicrrred

(a) (i) Prove that lf F is a l"ielC, 1lel F[x] ,; a

Prineipal Ideal Dor:rain.

(ii) Is Z,lx), a Frincipal I,Jeal Don::ain? ,rirsrify
your arrslver.

(b) Prove that <x2 + l> is not a nrlrximal idr.;rl in
zlx).

P .1'. O.

:t
i)

c)
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(c) State and prove the reducibility test tbr polynomirils

of degree 2 or 3' Does it fail in higher crcer

polynomials? JustifY' (4+2'6'6)

(a) (i) State and prove Gauss's Lernma'

(ii) Is every irreducible polynomial over Z

primitive? JustifY'

(b) Construct a field of order 25'

(c) In r[{5], pro\re that 1+:r@ is irreducible

but not Prime. (4+2.5,6.5,6.5)

(a) Let V : R3 and define f' f2, f3 € V* as foilou's :

f,{x.Y.z)=r-lY.
I-,(r.Y,z) = x + Y T z'

i,(x.Y,z) : Y - ?z-'

Prove ,5u1 {f1, f., fr} is a hasis for V* and thcn

find a basis for V for which it is the dual basis'

T€st the linear operator T: Pr(R') + Pr(P"), T(i(r))

: f(0) + f(1)(x + x2) for diagonalizabiiity iild if

cliagonalizable, find a basis B for V sr-rch that [T]u

is a diagonal matrix.

expressitln for

numbe r.
(6,6,6)

3.

(b)

(t 4\
(c) Lct o =[, lJ. nt.", (m) ' rlna a'r

An where n is an arbitrary natr"tral
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For a linear operator T: Rl J R3, T(a. b, c):
(-b + c, a + c. 3c), deterr.nine the T-cyclic subspace

\\' of Ri qenerared by er : (1, 0, 0). Also find the

characteristic pol1,nomta1 of the operator Trr.

(b) State Cayle1,-FIarlilton theorem and verify it fbr
the linear operaror T:Pr(R) -+ p,(1R.), f(l(x)) =

f'(,r).

(c) Shou' that the vector space lRa : Wr e W2 O W3

l,here W, : {(a, b, 0, 0): a, b e lR), W, : {(0,0,
c,0): c e R) and Vtr, : {(0,0,0, d): d e R}.

(6.5,6.5,6.5)

5. (a) Consider the vector space C over lR rvith an inner

product <.,.>. Let Z denote the conjugate of z.

Shorv that (.,.)' defined by .r, w)': <2, w> for
all z, lv e C is also an inner product on C. Is

1..,.)" defined by <2, w)"=52 * Z, w + w> for alL

z. \\' € I rn inncr producl on C? Justily l our

tl1ts\\'er.

(b) I-ct V = P(R) with the inner producr <p(x), q(x)>

r1

J ,u(th(t)at vp(x), q(x) e v. compute the

orthogonal projectian of the vect'lr p(x) : x2k-l oi1

P2(lR),'+herekeN.

P.T.O.
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(c) (i) For the innei' product space V : P,(R) ri,rth
zt fl c/.\^,.,i. ^--r.r-^ r'<t, g> : 

J_, f(t)g(t)dt and the iinear opei iror

T on V definecl by T(l): f'+ 3f, con;-rulr:

T-( -+ - 2t).

(ii) For the standard inr-rer product space V =, ;tl
and a linear transformation g: V + L Ei'\,e11

by g(a, a", a3) = 3l - 2ar* 4at, find a \-e,ltoi

. y e V such that g(x) =(X, Y) for ail r. V.

(5 5._ -,+)

(a) Prove that a normal operator T on a flr,:te-
dimensional con-rplex inner product space \'- '. r,'idil

an orthonorrnal basis for V consistilg of
eigenvectors of T. Jr-rstify the validitv t i ,.he

conclusion of this result if V is a lirrite-ilii:tcir:ri, nal

rea.l inner prodr-rct space..

(b) Let V : M1,z(R) and. T: V '-) V be a 1r.rar
operator given by T(A) : Ar. Determine riitt. tcr

. T is normal, self-adjoint. or neither. lf poss,l,ie,

produce an orthonornral Lrasis of eigen..'ecltr-S of
T for V and list the corresporrdirg eigenvl lr, s

(2 1 1)II
(c) For the rnatrix 

^=l 
, , , I frnd an oriiro.t.iial

[i | 2)

matrix P and a diagonal matrix l) ::u.h i rat

P-AP : D. (6.5.n -<.r.5)

6.

{1 0c0)
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1.

All the six questions are compulsory.

Attempt any two parts from each question.

Use of Scientific Calculator is allowed.

(a) A doctor has to prescribe medicine to the patient.

The medicine raises the blood plasma concentration

of an average adult by 20 mg / I and takes 6 h to

decay in the blood plasma. The maximum

P.T.O.

2.

3.

4.
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permissible limit of concentration of drug in the

body is 40 mg /-1. What time gap he will ensure

for maintaining a safe decomposition of drug' Find

out the minimum concentration if doses are givett

at this time interval? The concentration of another

drug, decreases bY 40Yo h 20 h. Find how iong

to 5o/o of its initralwill it take tor this drug to fall

vaiue. (6)

(b) Observation on animal tumours indicate that

theirsizes obey the Gompertz growth law

rather than the logistic law. Here k

and S are positive constants. By putting y : ln(s),

prove that s(t) : g"-Ae 
*t 

, ,"h"r"

S: ur,r[91
dt \s l

e = u,f !'l . .,,
\so i
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being the size at t:0. Discuss the model

describing drug concentration and residual

concentration at any time nto, in which drug decays

according to

administered

. clc -c(t)
dtr

regularly at time

When dose is

t : 0, to, 2to,

3to,...with assumption that each dose raises the

drug concentration

maximurn possible

i n creases.

by fixed amount Co. the

concentration and residue as n

(c) Consider the following chernical reaction, with the

rate constant as q :

P + X --> 7Y.

If the reactant P is held at a constant concentration

p, derive a system of equations for the

P.T.O.

t

(6)
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concentrations of X and Y' Suppose the initial

concentrations of X and Y are Xo and Y,,

respectively. Solve the system of equations to obtain

X(t) and Y(t). (6)

(d) Show that Zeeman's heartbeat equations have a

unique resting state

x:xa,b:-(xl +ax,).

Then ilerive the single differential equation

satisfied by muscle fibre of length x' (6)

(a)2. Discuss the nature

of trajectories for

of fixed point and give equation

the given sYstem

72v

v

(i) Discuss the two equilibrium states

heart beat cYcle and the role of

in the heartbeat cYcle.

i:6x+
y:3*+

(b)

(.6Y,)

during the

pacemaker
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(ii) Discuss the threshold level and firing of axon

in nerve impulse transmission. (.6Y,)

(c) Examine the possibility of periodic solutions of

a

cx

Where a, b

+ (2 + 3ax * 4bx2)x

and c are constants. c

- t,

being positive.

(6Y,)

(d) Describe the epidemic model and show that

population 
-return 

to equilibrium after the small

departure from the equilibrium . (6yr)

a
J. (a) Consider the system

(1 - u) (u a)-w

bu - yw.

P.T.O.

du

a
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Where0<a<1,b>0,y>0.

Linearise the

assuming that

the linearised show that thesystem about (0,0),

is locally stable.

above system about (0,0). Further

u : c[elr, w - pe"rt be solutions of

rest state (0,0)

(b) Sketch the trajectories of the following system

x:v

(6)

(1 - *2)

(c) Define

(i) Bifurcation

(ii) Bifurcation Point

Make the sketches for

(6)

Pitchfork bifurcation,

.1
'2
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Saddle-node bifurcation

(a) Find the constraints

has a unique rest

(b) What is

and Hopf bifurcation.

(6)

(d) For the iteration scheme x.+r : frxr(l *n), n ) l,

x=[irn x
U I) )' II

Show that there are bifurcations at pr : 1 and

p - 3. (6)

4. on a, b and )" assuming it

state, taking the solutions

to the travelling wave equations in the form

u : 0(x + ct), w : V(x + ct) of the following

r..tll r]lu
sysrem of equationr ; 

: 
#. 

u(t- u)(u -u) -*,

iri'

-=Ouet
-Yw. (6%)

Flopf bifurcation? Show that Hopf

P.T.O.
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bifurcation holds

8

for the following system

i--y+x(p *'-y')

y:x+y(p-". y2) (6',/,)

(c) Provide a full phase plane analysis for the

mathernatical model of heart beat equations given

by

,d*:-(*i-Txih).dr,

dq:,_,
dr " "rr'

Where x is the muscle

chemicalcontrol,e>0

state.

fibre length, b is the

and (xu, b,,) is a rest

(6',/,)

T>0

(d) Show that the follou,ing system has limit cycle.

u(i u)(u a) - u'+ I(t).du

dt



47 48

-yw,0(3(1,b>0,y>0. (6%)

5. (a) Write down the steps of Neighbor Joining

Algorithm. From the given distance table of tour

taxa S,,S.,S, and S,r, compute R1, R2, R-,, R*

and then form a table of values 1'or M(S,, S,) for

1<i*i<A
'-,J-i-

(6%)

(b) If D and d denote the alieles for tall and dwarf

plant and if W and w denote the alleles for round

P.T.O.

t9

dw_ _bu
dt

S1 S2 S; S+

Sr 1.2 0.9 1.7

S2 1.1 1.9

St t.6
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and wrinkled seed, then create a Punnett square

for a DdWw x ddWw cross pea plant and

compute the probability of a tall plant with wrinkled

seeds. (6%)

t

(c) Derive the formula

(d,.) given that all

for the Jukes-Cantor distance

the diagonal entries of .Iukes

Cantor matrix Mt are

the rnutation rate.

distance drc(S0,S,) to 4 decimal digits. from the

following 40 base table : (6Y,)

I 3( 4 )t__:l l__q | , rvhere a is
4 4\ 3 )

Cornpute the Jukes-Cantor

S I\SO C C '1'

7 0 1 I

(i I 9 2 o

C o 2 7 2

T 1 o I 6
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6.

(d) Describe when two trees are considered to be

topologically similar. Draw all topologically distinct

un-rooted bifurcation trees that could describe the

relationship between 3 taxa and 4 taxa. (6'/r)

(a) Define phylogenetic tree, bifurcating tree and

unrooted tree with exampies of each. (6)

(b) Explain Kimura 2-pararneter and 3-parameter

models along with their corresponding distance

formulas. Write the expression of the log-det

distance betu,een So and S,. (6)

(c) In rnice. an allele A lor agouti- or gray-brown

grizzled fur is dominant over the al1ele a. wirich

determines a non-agouti color. Il an AaxAa cross

produces 4 offsprings, then compute the

probabilitres that :

(i) No offspring have agouti fur.

(ii) Exactly 3 of 4 offspring have agouti fur.

(6)

P.T.O.
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(d) Frorn the given distance table of four sequences

51, S, S, and S* of DNA, construct a rooted tree

shor,ving the relationship between S, S, S3 and S,

by UPGMA

(6)

Sr Sz S: S+

Sr 0.45 0.27 0.53

Sz 0.40 0.50

S3 4.62

(1 000)
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1. (a) Determine all solutions in the positive integers of
the Diophantine equation

18x+5y:48.

P.T.O.
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4873

(b) Using Euclidean algorithm and theory of iinear

Diophantine equation, divide 100 into two

summands such that one is divisible by 7 and other

by 11.

(c) Write a short note on Prime number theorem'

(d) If ca = cb (mod n) then prove that a = b (mod rVd),

where 6: gcd (c, n).

2. (a) Verify that 0, 1, 2, 22, 23 ........2e form a complete

set of residues modulo i 1, but that 0, 12, 27, 3)

...... 102 do not.

(b) Find the solutions of the system of congruences :

3x+4y:5(mod13)

2x + 5y: 7 (mod 13).

(c) Use Fermat's theorem to verify that 17 divides

11r04 + I .

(d) Find the remainder r'vhen 2(26!) is divided by

29.
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3. (a) Let F and f be two number - theoretic functions

related by the formula

r("): Ir(a)
drn

Prove f(n) : I.,,,u(d)F(n/d) : Io,,,Lr(n/d)F(d).

(b) Verify that 1000! terminates in 249 zeros.

(c) Use Euler's theorem for any integer a, to prove

that ar3 = a (mod 2730)

(d) Prove that A (2"- 1) is a multiple of n for any

n> 1.

4. (a) For any positive integer n, prove

O(n) : nIn,,pr(d)/d.

(b) Define primitive roots of an integer by an example

and show that if F, : 22"* 1 , n> 1, is a prime

tl-ren 2 is not a primitive root of Fn.

(c) If p is a prime number and dlp-l, then show that

there are exactiy q(d) incongruent integers having

order d modulo p.

(d) Determine all the primitive roots of the primes

p: 11,19, and 23, expressing each as a power of

one of the roots.

P.T.O.
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s. (a)

(b)

4

If gcd (m, n) : 1, where m > 2 and n> 2, then

prove that the integer 'mn' has no primitive roots.

Solve the quadratic congruence

3x2+9x+7=0(mod13).

Show that 3 is quadratic residue of 23, but a

nonresidue of 3 1.

Prove that there are infinitely many primes of the

form 4k+1.

Find the value of Legendre symbol (123414567).

Solve the quadratic congruence

x2 = 23 (mod 73).

Using the linear cipher C = 5P + 11 (mod 26),

encrypt the message NUMBER THEORY IS

EASY.

(d) When the RSA algorithm is based on the key

(n, k) : (3233,37), what is the recovery exponent

for the cryptosystem?

(s00)

(c)

(d)

6. (a)

(b)

(c)
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P.T.O.
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Maximize 2x + y

subjectto x+2y
x+y
x-y
x-2v
x)0,

< 10

(b) Define a Convex Set. Show tirat the set S defined

AS:

S : {(x, y) i y' > 4ax; x ) 0, }.> 0i is a Convex

S et.

(c) Find all basic feasible solutions of the equations :

v *?w +/.v x+:7

2r, x, - 3x-. 2xo:4

(d) Prove that to everv extreme point of the feasible

region, there corresponds a basic leasible solution

of the Linear Programrning Problem :

Minir:rize z: cx

subject to Ax - b, x > 0

(a) Let us consider the following Linear Programming

Problem:

1O

<2

<1

y>0.

2.
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Minimize z: cx

subjecttoAx:b,x>0

Let (xu,0) be a basic feasrble solution corresponding

to a basis B where xe : B lb. Suppose z0 : cB xB

is the value of objective function such that

,j- 
" 
j ' 0 for every column a, in A. Show that zo

is the minimum value of z of the problem and that

the grven basic feasible solution is optimal feasible

soiution.

(b) Let xr: 1, X2: 1, X:: 1 be a feasible solution to

the system of equations :

v ] w +?v :L,'l

z^l - .\r n] - .

this a basic feasibie solution? If not, reduce

two different basic feasible solutions.

(c) Using Simplex Method, find the solution of the

following Linear Programming Problem :

itis

to

Maximize

subject to

5x, * 4x,
x,*2xr<6
-Xr**r<4
5x,+xr<15
xt. x2 2 u.

P.T.O.
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(d) Solve the following l-inear Programming Problem

byBig-MMethod:

Maximize x, - x, * x,

subject to xr - X2 - *: : 1

-xrtxz+2x-,)1

Xl, X2, *, > 0'

(a) Solve the foliowing Linear Programming Probiem

by Two Phase Meihod:

Maximize

subject to

-Xl - 3x'

-.r-.\1Al Ar - I

-'2xr*3x, < 6

xr)0,^r>0.

(b) Find the solution of given system of equations using

Simplex Method :

5x, + 2xr: 14

Zxr+ *r.- 6

Also find the inverse of A where
--

A:1 "
t)L-

21

1l
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(c) Find the soiution of the
Programming Probiem :

Minimizc .3x, + 2*.

Find the clual of the

Pi'ob1em ;

I

foitrowing Linear

subjeci to *xt*t:<1

lY +-{Y < l\-"1 ""1 - -"

xr ) 0, xr> 312.

(d) Find the optimai soiution of the Assignment
Problem wrth tlie foilou.ing cost matrjx :

(a)4. foiiowing Lineai Programming

P.T.O.

----lviachines
Jcb ----\

I it lil IV VI

A J 4 6 5 4 9

B J 4 I 7 5 10

B 7 6 5 t+ 6

D 4 5 li 10 4

E 5 6 a 8 5 9

F 4 J 5 7 4



487 4

Maximize

Subject to

6

1* +/.u -?w-'l

v a-- r (-- \ ')
Al - -4, J-\l - -

3x,-7rr.-4x":-B

,, ( 0, X: ) 0, x- is unrestricted'

(b) Prove that if the Frimal Problem has a finite

optimal soiution then rhe Dual also has a finite

optirnai soiution and the two optimatr objective

function values are equal.

(c) Using Complementary Slackness Theorem, find

optimal solutions of the following I-inear
Progran-rming Problem and its Duai.

Minimize

subject to

2x, * 15x, -r- 5x, + 610

x,*6x.;3x:+x->2

(d)

-2:l, - 5x- - x, - 3x* < -3

X1, X2, x3, x4 > 0'

For the foilowing cost rninimizatton Transportation

Froblern find initiai basic feasible solutions by using

North West Comer rule, Least Cost Method and

Vogel's Approximation lMethod. Compare the

three solutions (in teims of the cost) :

t



'\

t
487 4 7

5.

-----Qestination
Source ----.-

A D C D E Supply

I 10 10 11 t2 10 IU

II l3 14 11 15 10 35

m 11 l0 17 12 15 4A

Demand 25 i0 30 15 1J

(a) Soive the foliowing cost rninirnization Transportation

Problem :

.------.- 
Q3stinationsOrigin ---.--\

I II ITT IV Availability

A 14 11 13 tz 22

B 1,3 11 10 l5 15

13 l5 15 14 8

Requirements 7 t2 tt 9

(b) A University wish to allocate four subjects anrl

sir teachers claim that they have the required
knou leige to teacir a1l the subjects. Eacir subject

can be assisned to one and only one teache;. The

cost of Assignment oi subject to each teacher is
qiven in iabie be1ow. Allocate the subjects tc
approoriate faculty mernbers for cpiimal
Assignment. Also find two Teachers r,vho are not

assigned any course.

P.T.C.
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(c) Define rectanguiar fair Game. Usrng Maxmin and

Minmax Principle, find the maximum pay-off for

pla),s1 1 will ira.le and minimum pay-off for player

2 for the foilou'ing pai'-oif matrix :

Player 2

Convert ihe foliowing Game Probiem into a Line ar

Programming Problem for piayer A and piayer B

and soive it b,r, Sirnpiex Method :

Player ts

rrarera[! ; :j

(5oo)

Player I
liO I 4l
Ie -s 1sl,
L-r 7 6J

G)
:
L/>

?<<--
b-
-Z
c^ \t
$ d'
'6
=&s al"

^r- (}\lr
ci*
r$
bp
u!,

(d)

------_..-Subjects
Teachers --\\-

A B C D

I 28 t+l 36 38

rgll 36 +J 43 46

ilI +3 38 36 JJ

IV ,10ao 3t JO

v 48 38 41 +J

vi 43 52 43 49
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l8x+5y:48.
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(b)

)

Using Euclidean algorithm and theory of linear

Diophantine equation, divide 100 into two

summands such that one is divisible by 7 and other

by 11.

(c)

(d)

Write a short note on Prime number theorem'

If ca = cb (mod n) then prove that a = b (mod n/d),

where d : gcd (c, n).

(a) Verify that 0, 7,2,2:,23 ........20 form a complete

set of residues modulo 11, but that 0, 72' 22,32

...... 10r do not.

(b) Find the solutions of the system of congruences :

: 5 (mod 13)

: 7 (mod 13).

Use Fermat's theorem to verify that 17 divides

11r01+ 1.

(d) Find the remainder when 2(261) is divided by

29.

2.

3x+4y

2x+5y

(c)

(r
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3. (a) Let F and

related by

3

f be two number

the formula

F(n)= Ir(o)
d,.n

- theoretic functions

(b)

(c)

(d)

(a)4.

the primes

a porver of

P.T.O.

Prove f(n) : Xu,,u(d)F(nld) : Xu,,u(n/d)F(d).

Verify that 10001 terminates in 249 zeros.

Use Euler's theorem for any integer a, to prove

that ar3 = a (mod 2730)

Prove that A (2"- 1) is a multiple of n for any

n> 1.

For any positive integer n, Prove

A@) : nlo,u(d)/d.

(b) Define primitive roots of an integer by an example

and show that if Fn: 22" + 1 , n > 1, is a prime

then 2 is not a primitive root of Fn.

(c) If p is a prime number and dlp-l, then show that

there are exactly rp(d) incongruent integers having

order d rnodulo p.

(d) Determine all the primitive roots of
p: 11,19, and 23, expressing each as

one of the roots.
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s. (a)

(b)

(c)

(d)

4

If gcd (m, n) : 1, where m > 2 and n > 2, then

prove that the integer 'mn' has no primitive roots.

Solve the quadratic congruence

3x2 + 9x+ 7 = 0(rnod 13).

Show that 3 is quadratic residue of 23, but a

nonresidue of 3 1.

Prove that there are infinitely many primes of the

form 4k+1.

6. (a)

(b)

Find the value of Legendre symbol (123414567).

Solve the quadratic congruence

x2 = 23 (mod 73).

(c) Using the linear cipher C = 5P + 11 (mod 26),

encrypt the message NUMBER THEORY IS

EASY.

(d) When the RSA algorithm
(n, k) : (3233,37), what is

for the cryptosystem?

based on the key

recovery exponent

is

the

(500)


