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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. Attempt any four questions.

3. AII questions carry equal marks.

SECTION _ I
Attempt any two parts out of the following.

Marks of each part are indicated.

1. (a) Define the following with one example each : (6)

P.T.O.
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(i) Quasi-linear first order partial differential

equation (PDE).

(ii) Semi-linear first order PDE.

(iii) Linear first order PDE.

State whether the following first order PDE

is quasi-linear, semi-linear, linear or non-

linear:

(,r'),, -(rf)u, =,,' \,' - y' )

Justify.

(b) Solve the Cauchy problem

Llltx +uy =l

such that u(s,0) = 0, x(s, A) = 2s2,

y(s,0) - 2s,s > 0.

(c) Obtain the solution of the pde

.*(,r' *,,),,, - .r(*' *,,),,, : 1x2 - y,)u ,

with the data u(x,y) : 1 on x + y: 0.

(6)

(6)
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(d) Apply Ji =, and v(x,y) = f (*)+g(y) to solve

*aul + y2u?, =4r, . (6)

2. Attempt any two parts out of the following :

(a) Apply the method of separation of variables u(x,y) =
f(x)g(y) to solve

22 22 ,2
.v ltx+x uv=\xylt)

,2

. such that u(x,0) =3ei. (6.5)

(b) Find the solution of the equation (6.5)

yu* - 2xyu, :2xu

with the condition u(0,y) = y3.

(c) Reduce into canonical form and solve for the general

solution (6.5)

u- - yuy - u : 1.

(d) Derive the one-dimensional heat equation :

ut : Kuxx,

where r is a constant. (6.5)

P.T.O.

a
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SECTION - II

Attempt any two parts out of the following :

(a) Find the characteristics and reduce the equation

il,-, -(sec ha x)tt," = 0 into canonical form. (6)

(b) Find the characteristics and reduce the equation

x2Lt,, +2xyu., + y'Lt r, + xyLt, + y2tr, = g

into canonical form. (6)

(c) Transform the equation Lt ,x 
* Lt \,t. + 3u , - 2u ,, * tt = 0

to the form ur, - rf, e:col1stant, by introducing the

new variable v=ue-t't(-br1), where a and b are

undetermined coefficients. (6)

(d) Use the polar co-ordinates r and 0 ( x:r cosO, y:r

sinO) to transform the Laplace equation Lt *, *1t,,, = 0

into polar form. (6)

4. Attempt any two parts out of the following :

(a) Find the D'Alembert solution of the Cauchy problem

for one dimensional wave equation given by
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Lr,,-c'Lt.r, =0, lrc Rrt>0
u(x,O):f(x),;reR,
tt,(x,0)=g(x),xeR.

Solve

Determine the solution of
problem

Lr,, =l6ur*, 0 < x < oo,/ ) 0

u(x,O)=sinJrr, 0( x( co,

u,(x,O)=v2, 0(x(oo,
u(O,t)=9, />0.

(6.5)

(6.5)

initial boundary value

(6.5)

boundary value

(6.s)

(b)

ytLtr, - lu.rr,*Ltr. = O,

,(r,y) : f(*) on x+l:+yor 2 < x
2

u(x.y): g(*) on x-{=o1or o < x2"
withf (z): s(z).

< 4,

<)

(c)

(d) Determine the solution of initial
problem

P.T.O.
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Lrtt =9u\, 0 < x, crrt ) 0,

a(x,0)=Q, 0(x(co,
u,(x,O)=13, 0(x<oo
u,(O,t)=0, t>0.

SECTION _ III

5. Attempt any two parts out of the following :

(a) Determine the solution of the initial boundary-value
problem by method of separation of variables

(6.s)

(b) Obtain the solution of IBVP (6.5)

u, = urr, 0(x( 2, t>0,

u(x,O)=x,01x12,
u(0,t)=0, u,(2,t)=1, t>0,

r,r,,,=c2urr, 0<x<l.rt > 0

lhxta,
a (x.0) = i--\.-' "' 

ln Q - *)r (r - a).
u,(x,0)=0, 0<x11,
u(0,t)=0=u(l,t)=g

0<x<a
a1xll'

/>0

t
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(c) Determine the solution of the initial-value
problem (6.5)

27Ur,=C Uxx+X,

tr(x,0):r, 0(x(1,
u,(x,O):0, 0 ( x ( 1,

u(0,/)= 0,u(1,/):0, /> 0.

(d) Determine the solution of the initia[-value
problem (6.5)

u(x,0)=r(1 -x), 0<x<1
u(0,t)=t, tt(l,f):sin/, t > 0.

6. Attempt any two parts out of the following :

(a) Determine the solution of the initial bounda-r'y-value

problem by method of separation of variabl;s (6)

u(x,O) = 0, 0 { x 1a,

|br. o1;1ar,(r,0):1 u

[,,(t-*)t(t -o). 0-.x<t
rr(0,t):0:u(a,t)=0, l>0.

P.T.O.

7
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(b, Find the temperature distribution in a rod of length L

The faces are insulated, and the initial temperature

distribution is given by x (1 - x). (6)

(c), Establish the validity of the formal solution of the

initial boundary - value problem (6)

u(x,O)= f (x), 0<.x11,
u(O,t):0, t)0,
u,(1,/)=0, />0.

T
(d) Prove the uniqueness of the solution of the

problem, (O)

(3000)

u(x,O): .f (*), 0 < x 11,
u,(x,0): S(x),0 4 x 11,
u(0,t):u(0,r)= g, t > 0.

,' l-, i-",
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(b) Prove that everY continuous

integrable. Discuss about

discontinuous functions'

function on [a, b] is

the integrabilitY of
(6)

1

(c) Let f(x) : sin- for x

f is integrable on [-1,

(a) mental

_l
e'dt.

(b) Let f be defined as

t<0
0<t<i
t>1

+ 0 and f(0):0' Show that

Let f(x) : x for rational x; and

irrational x. Calculate the upper and

integrals of f on the interval [0, b]'

on [0, b]?

11, Show that

(6)

f(x) : 0 for

lower Darboux

Is f integrable

(6)

Theorem of Calculus II. Use it

(6 s)

(6.s)

-rl
J,,t1r)at l 

< z

(d)

z. State Funda

to calculate

1 rx
lim*-,0I 

Jo

l.o.

r(t)= ]t,
l+,



1377 3

(i) Determine the function F(r)=J'f(t)at.

(ii) Sketch F. Where is F continuous?

(iii) Where is F differentiable? Calculate F' at

points of differentiability.

(c) State and prove Intermediate value theorem for
Integral Calculus. Give an example to show that

condition of continuity of the function cannot be

relaxed.

(d) Let f be a

Show

G'.

c(*) r sin

=Jn

that

(6.5)

continuous function on lR. Define

.r(t)atforxelR.

G is differentiable on IR and compute

(6.5)

P.T.O.

(a)3. Let B(p, q) (where p, e > 0) denotes the beta

function, show that

o(p,q)=fi#.,=l;ffiu' (6)
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(b) Determine the convergence and divergence of the

following imProPer integrais

pl dx
(i) J, <r.F

tr' dx
iii) J ,.10.*

Define Improper Integral of type II.

Show that the improper integral t'5 converges

iffp>l. (6)

(6)

(c)

(d) Show that

convergent

the

but

c*Sinx -

improper integral J, * 
o* rs

doesn't converge absolutelY.

(6)

4. (a) Let 'f,' be a sequence of integrable functions

on Ia,b] and suppose that 'fn' converges

uniformly on [a, b] to f. Show that is f is integrable'

(6)
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(b) Define

5

(i) pointwise convergence of sequence of
functions

(ii) uniform convergence of a sequence of
functions

(iii) If A c IR. and A: A -+ IR. then define
uniform norm of @ on A. (6)

(c) (i) Discuss the pointwise and uniform

convergence of t(x): f fo, x e IR., n e N.

(ii) Show that the sequence <

n
. , x > 0 is uniformlyx+n

finite interval.

Show

sin nx
-r/n

Discuss the

convergence of
xe IR., n e N.

fn, *h"." fr(x) :

convergent in any

(6)

(d) (i) that the sequence . fr, where fr(x) :

uniformly convergent on [0, zc].

(i, pointwise
the sequence

and uniform

9n(x) = xn for
(6)

P.T.O.
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s. (a) (i)

6

State and prove the

uniform convergence

Cauchy Criteria for

of series. (3.5)

,-l)'
(b) Show that )L

np

and uniformly for

2nx, --;--i converges absolutely(1+^'n) -
\/

all values of x if p > 1.

(ii) Show that

uniformly

(a) Find the radius

of convergence

: the serier II(t-*)*n is not

convergent on [0, 1] (3)

(c) Is the sequence < f, > where f,, =
sin(nx + n)

uniformly convergent on IR.? Justify.

n'
(6.s)

(d) If fn is continuous on D c IR to IR. for each

n e N ana )fn converges to f uniformly on D

then prove that f is continuous on D. (6.5)

6. of convergence and exact interval

of the following power series :
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(b) Let f(x) : I:. a,,x' has radius of convergence

R > 0. Show that the function f is differentiable

on (-R, R) and

f'(r):I*, ,ru,,"n-' for lxl < R. (6.5)

(c) Shorv that

114
(i) los(l*x)=x-* *x -x +----'234

for lxl < 1

7

(D r:,+(x+1)'

(ii) 5-* xn!/-tn=O

tlll
1ii) tog2 =, -r" 3-Z* ;- ----

(6.s)

(6.s)

P.T.O.



1377 8

(d) Let f(^):II=ou,*" be a power series with

radius of convergence R > 0. If 0 . R, < R, show

that the power series converges uniformly on

[-R1, Rl]. Also, show that the sum function f(x) is

continuous on the interval (-R, R). (6.5)

(3100)
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(b) What is nilpotent elernent? If a and lr are ntlpotent

elements of a commutative ring, shorv that a r b

is also nilpotent Give an exarnple to show that

this may fail if the ring R is not 
'ommutativt"

(6'/r)

(c) Let R be a commutative nng wllh unlt)' PIove

that I.J(R), the set of all urrits of I{' lirrr-rl 3 llr()up

. under multiPlication of R. to%)

(d) Determine all subrings of Z, the sct o I intege rs'

(o'r)

ra) Define centre of a ring' Prove th;rl centre ol a

ring R is a subring of R. (6)

(b) Suppose R is a ring with a2 = a' lor all e c R'

Show that R is a commutative rrng (6)

(c) Show that any finite field has order p", where p is

prime. (6)

(d) Let R be a ring with unity l' Provc llrat if I has

irtti:iie order uncie, addition' then C)rlrrR = u' rrt..i

if i has order n under addition' thcrr CharR -' n

(6)

2.
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conllllutattve ring u,'iiit utlirv lintl Ici ''\

Lo1'l{ Tlten siiorv that It'""\ is l l'i elti

ri-,\ rs lllaxitnal tileal 1('i:)

(a) Let I{ be a

be an ideal

if and onlY

(b) Prove that

charli0te I lstlc

(c) In .-[x]. tirc
cotrfiiclcllts.

that I rs rlot

I...'2 t;r.i '' is not llrtrlic lt1ca1

:.. Zl'l , w i,r, rs rltt'
I{orv'rrr;rrty clcrrtcnts erc lll 

- 
vY

't l:1
.. t 'Ll') 'l() t

I

il-lr).

(6ri)

(bti)

P, I.O

(d) l,et l'(irl clctrolc

r:ocf i-tcicnts and

ideal gcrleratcil

rttig tl1' 1lo1t'ttt'ltll;r1: ivith illtt'ftll

1ct [ -' 1t'(x) t r-[r] li(0):0| l'rorc

a nrltrilnal ldcal l(rlr )

thc ring oi polvtlolnials u'il1r rclll

l91 ..:1r -r 1 'tlettotc thc prirlcrpai

br xl I f . i'hcrl sllou' tlllll

{ux+ir+1xr 
+t)la,t'e RI

)

I,
i
I
I
t
f

'i
t
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1u)

4

Ii'I{ is a ring s,'ith unttv and the cltaracteristic of

I{ rs n','(i. lhcn short'that Il contairts a subring

lsrlntorpillc to Z, artcl il'the charactcristic o1'R is

() iiren It corttains a subrtttg rsoltlorllhic to Z'

(6)

(b) Determine all
..::

-'lr)

ring homontorPhism t'rotu Z,,, to
(6)

(e)

{d) \lrL,rr tltiL I lt lLtrtltollttlrphrsnl lr(rni il f ie iti onttl a

r irrr ri'ilir rnol.e lhatl ,rnc cluttlclil tntlst be an

rsr)rilorplli:illt (6)

ili) l-r.ti W, lttlrl W be suhsp.i e t r t'i ii vcclor space

\'. lrrrrye tllit W, - W, is a srlllllicsl stl lrspace of'

V rliat cclllains btlili W, ltnri W. (6)

I',(lili). dctcrtnine

bc cxprcssed as

(6)

lr'-Er:+rir, rl 2xr+3x xr-2r+31

Lt't rt bc lllt

ll.ilk t... lltill)

lund only il'

bv 11.

inte{er with decirnal rcprcsentatlon

Prove that n is drvisiblc bY 1l if

fl.,- flr + zlr -- i ( I )i a* is divisibic

(6)

(b) 1:tii thc liri1or,"lils pol\'notnials in

ri, lrctltcr the lirst poll'nomiai catt

lLne llr crtrttbinatitltl o1-otllcr tu o'
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(c)
,, \healiniteLet S = {tr,, ut....uni uL o 'rr"'"

Prove that S is linear:lY dePendent

u,=0 or rip., 1,€ sPan({up ul,"''

k(l<k<rr)

set of vectors'

if and onlY if

u*)) lor sorne

(6)

(6'/t)

6.

'b'0) e Rr: a' b e R) and
(d) Let Wr ' l(a

E Rl: b, c e R.) be subsPaces of
W =t(0.h,c)---
Ri D.t.r,r,inc dim(W,)' dim(W')' dim(w' ^ W')

,io;'*,* + w,) Hence deduce that w' + w' = Rr

, (6)
r" lD' = W (l) W.:

(r) I-e t V antl W be finite-dimensional vector spaces

irav,ingtlrcit:rt:dbasespandyrespectively'andlet
'l , V -+ W be linear' Then for each u e V' sl-ror'"'

(b)

[ (u)], = ['t]'bIu]r,

l.er 1f: P,(llt) -+ Pr(R) tre iinear transformation

dsl'rned hY

'a-c) + (a-c)x + (b- a)xr +

T1a + br t cxr) '= (

-t(. - b )x

I:in!,.r nuil sl);rce N(T) and range space

verify Rank-NullitY Theorem'

R('i ) .rlso

(6'h)

i)TC)
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(c) For the mrtrix A-
l-1 l

f(1

t*).?

i ), ( 1,

matnx

and ordered

2,2)1, find

Q such thiLt

(6V1)

-+W

on Iy

()itlo

(61./t)

basis B = {(1,1,0), (0, 1.

l-L.l^. Also iittd art invertible
L AJIJ

tL^1" = C, 'nO.L AJ })

(d) Let V and W be vector space :r and ict T V

be line ar, I'rove that T is one-io-one rr' and

if I carries lirrearly ittdeperld,-ril sLIi)sef s oi \

Iinearly rnri cpcnderlt subsets 'f \11

i 3000)
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(a) Sketch the region onto which the sector r ( 1,

0 < 0 < n is mapped by the transformation w :
z2 and w : 23. (6)

(b) (i) Find the limit of the function f(z) -W uv
tends to 0.
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(ii) Show thar lim "-"! =zJii..aala,lli z-7-'l3i

2. (a) Find the values of z such that

(i)ez =7+{Ii,(ii)e(zz-r) - 1,

(c) Let u and v denote the real and

components of the function f defined

(d) if 
)t1y,f 

(z) = F and )re"St 1= 6, prove that

timI.!3]=!irc+0.
z-zo glz) G

the equations

fk)={z'/z when z*o(0 when z :0

Verify that the Cauchy-Riemann equations are

satisfied at the origin z : (0,0). (6)

(3+3:6)

imaginary
by means of

(6)

(3.s+3:6.5)

(b) Show that the roots of the equation cosz = 2 we z = Znn * icosh'L?
(n = 0, f 1, *2,,,), Then express them in the form z = Znn !
,ln(Z + G) (, = 0, +1, +2, ..,).

(c) Shorv that

(i) Iog(1 * i)2 = ZLog(L + t),

(3.5+3:6.5)

(3.s+3:6.5)

I
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(ii) log(-1+ V5,) = InZ +z(n+r1)ri (n = 0,11,12,...)

(d) Shorv that EI[@ = exp (i"z) it and only if

z : nl: (n: 0, J'l, +2,...). (6 5)

3. (a) (i) State mean value theorem of integrals.

Does it hold true for complex valued
functions? Justily.

(ii) Evaluate {zTt eimo e-in? 46. (3+3:6)

(b) Parametrize the curves C, and C", where

C,: Semicircular path from -1 to 1

C,: Polygonal path from the vertices -1, -1*i,
l+i and 1

Evaluate fsrz dz and, [rrz dz. (3+3:6)

(c) For an arbitrary smooth curve C'.2:z(t),a<t<b,
from a fixed point z, to another fixed point 2.,

show that the value of the integrals

(i) []' z dz u"a

P.T.O.
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(d) State

It, #l
from

depend only on the end points of C. (3+3=6)

ML inequality theorem. Use it to prove that

< 4\ry, where C denotes the line segment

z: i to z: l. (2+4:6)

(u) A function f(z) is continuous on a domain D such

that all the integrals of f(z) around closed contours

lying entirely in D have the value zero. Prove that

f(z) has an antiderivative throughout D. (6.5)

(b) State Cauchy Goursat theorem. Use it to evaluate

the integrals

(ii) I:: d,

(,) ,c

1rl

(i') lc

4.

(c) State and pro\/e Cauch-v Integral

*-dz. rvhere C is
zz+22+2

1

-l

fttrr, u'here c is the

the unit circle

circle 1rl: 2

(2.5+2+2:6.5)

Formula.

(2+4.5:6.5)
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(d) (D

5

State Liouville's theorem. Is the function

f(z) : cos z bounded? Justify.

Is it true that 'If p(z) is a polynomial in z
then the function f(z): llp(z) can never be

an entire function'? Justify (4.5+2:6.5)

5.

(ii)

(a) If a series lf,=t zn of complex numbers converges

then prove lim zn = 0. Is the converse true?

Justify. 
n+@

(b) Find the integral

positively oriented

(c) Find the Taylor series representation for the

function t(z) : ! aborrt the point ,o: 2. Hence

cosh n z

z3+z

i = iff=,r-l)"(n + 1) (eJ'}t

o1 I.
circle

(6.s)

C is the

(6.s)

for

(6.5)

prove that

- 1\21L - Ll \ L.

(d) If a series T,ff=oa"(z - zo) converges to f(z) at

all points interior to some circle l, - znl: R, then

P.T.O.
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prove that it is the Taylor series for the function

f(z) in power of z-zo. (6 5)

6. (a) For the given function/( 11 = fi fird the poles,

order of poles and their corresponding residue.

(6)

(b) Write the two Laurent Series in powers of z that

represent the functi on f(z) = + in certain
z+23

domains and specify those domains. (6)

(c) Suppose that Zn : Xn * iyn, (n : 1,2,3,...) and

S : X + iY. Then prove that

Z?=tzn = 5 iff Ef,=r xn = X andf,ff=i ln = Y. (6)

(d) Define residue at infinity for a function f(z). If a

function f(z) is analytic everywhere in the finite

plane except for a finite number of singular points

interior to a positively oriented simple closed

contour C, then prove that

ff3f@= -Reos llr0)1 (6)

(2700)



[This question paper contains 8 printed pages.]

Your Roll No...

Sr. No. of Question Paper

Unique Paper Code

Name of the Paper

Name of the Course

Semester

Duration : 3 Hours

1.

12t0

32357 609

A

DSE-3 : Bio-Mathematics

B.Sc. (H) Mathematics

VI

Maximum Marks : 75

2.

3.

4.

Instructions for Candidates

Write your Roll No. on the top immediately on receipt
of this question paper.

A11 the six questions are compulsory.

Attempt any two parts fiom each question.

Use of Scientific Calcularor is allowed.

(a) When the drug theophylline is adrninistered lor
asthma, a concentration below 5 mg/ litre has little
effect and undesirable side-effects appear if
concentration exceeds 20 mg/ litre. For a bocly
that weights W kg the concentration when Mrng
is present is 2MlW mg/litre. If r : 6 hours,

P.T.O.

1.
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measures the rapidity at which concentration falls.

Find the concentration at time t hours after the

initial dose od D mg. If D : 500 mg and W : 70

kg show that the second dose is necessary after

about 6 hours to prevent the concentration from

becing ineffective. (6)

(b) Let X and Y represent the population of predator

and prey respectively. In absence of predation, X

decreases exponentially and Y follows a logistic

growth. The rate at which prey is eaten is

proportional to the product of densities of X and

Y. Determine the rest states in this Volterra-Lotka

Model of predator prey interaction. Also, find the

appropriate relation between the constants of
proportionality involved. (6)

(c) Determine the rest states in Belousov-Zhabotinskii

reaction for Field-Noyes system given by

A+Y+X
x+Y-+P
A+X-+2X+Z
2X-+Q
Z-+fY,

where Kl, K, K3, K4, K, as

respectively.

rate constants
(6)



t2t0 3

(d) Describe the Hodgkin-Huxley model governing the
nerve impulse transmission. (6)

2. (a) Discuss the

equations of
nature of fixed
trajectories for

i=5x-5y
y=5x-3y.

point and give the
the given system

(6%)

3.

(b) State the features required in the mathematical
model of heartbeat cycle. Sate the heart beat model
that represents the heart beat cycle with these
features. (6%)

(c) What is a iirnit cycle? Give example. State Limlt
cycle criterion and Poincare-Bendixson theorem.

(6Y,)

(d) Discuss the trajectories of x" - 4x'+ 40x : 0 in
the phase plane by substituting

x: pCosO, y: psin@. (6%)

(a) Write the mathematical model of the Nerve
Impulse Transmission due to FitzHugh and
Nagumo for the Space Clamped Case. Draw
the Nullclines when the total membrane current
I(t) > 0 and when I(t) < 0. (6)

P.T.O.
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(b) Show that the following system has limit cycle.

# = u$ - u)(u - a) - w+ i(t),

dw

E=bu-Yw, 0 1a1L, b> 0, y2 0.

(c) What is a control parameter? Show that p
control parameter for the following system.

*: 5x + (3 - p)y + 5x3

j/:x*5y*x3

Describe a fuli phase plane analysis for the

beat eq.uations

(6)

isa

(6)

heart(d)

,#=-(rr-Tx*b), T>

dbfr: (* - x) * (xo - xr)u

By appropriately defining u, the control variable
associated with the pacemaker, x is the muscle

fibre length, b is the control variable and t is the

time, (xu, bo) is the rest state and x, corresponds

to the systolic state. (6)
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that the nonlinear conservative system4. (a) Show

5t - 1t Stn tt>0,

has one equilibrium point for 0 < p < 1 and three

fbr pS > 1. Also discuss the nature of equilibrium
points. (.6yr)

(b) Define :

(i) Bilurcation

(ii) Bifurcation Point

Make the sketches for Pitchfork bifurcation,
Saddle-node bifurcation and Hopf bifurcation.

(6k)

(c) Solve the ordinary diffeiential equation

x=!
x- x,

dv
A=-YY + u,

To obtain the period T .of the periodic state y,

which characterizes the pacemaker. Assume that

0 < y < 1, such that when y : 1, the pacemaker

fires and when y: 0, it jumps back. (6%)

P.T.O.

0 <y <L/4.
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(d) Sketch the trajectories the foilowing systemqf

x=7

, =1(1- xz) (6%)

5. (a) Derive the formula for the Jukes-Cantor distance

(dr.) given that all the diagonal entries of Jukes-

Cantor matrix Mt are i * i (t -;.)t, where a is

the mutation rate. Compute the Jukes-Cantor

distance dri.(S0,S,) to 4 decimal digits, from the

following 40 base table :

(6%)

Sr\So A G C T

A 7 0 1 1

G I 9 2 0

C 0 2 7 2

T 1 0 I 6
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(b) Describe when two trees are considered to be

topologically similar. Draw all topologically distinct

un-rooted bifurcation trees that could describe the

relationship between 3 taxa and 4 taxa. (6yr)

(c) In mice, an allele A for agouti- or gray-brown

grizzled fur is dominant over the allele a, which

determines a non-agouti color. If an AaxAa cross

produces'6 offsprings, then compute the

probabilities that :

(i) Exactly 4 of 6 offspring have agouti fur.

(ii) More than haif of 6 offspring have agouti

fur. (6Yr)

(d) Write a short note on Mendel's genetic theory.

(6y,)

6. (a) Define bifurcation tree and unrooted tree with
examples of each. Draw the three topologically

clistinct rooted bifurcating trees that could describe

the relationship between 3 taxa. (6)
t,

(b) From the given distance table of four sequences

S, S, S, and So of DNA, construct a rooted tree

showing the relationship between S,, S, S: and S*

by UPGMA

P.T.O.

7
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(6)

(c) Explain Kimura 2-parameter and 3-parameter

models along with their corresponding distance

formulas. Write the expression of the log-det

distance between So and S,. (6)

(d) If D and d denote the alleles for tall and dwarf

plant and if W and w denote the alleles for round

and wrinkled seed, then create a Punnett square

for a DdWw x ddWw cross pea plant and compute

the probability of a tall plant with round seeds.

(6)

(6oo)

Sr Sz S: S+

Sr t.2 0.9 t. t

Sz 1.1 1.9

S3 1.6
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Instructions for Candidates

1. Write your Roll No. on the top imrnediately on receipt
of this question paper.

Attempt any two parts from each question.

All questions are compulsory and carry equal marks.

Use of Scientific calculator, Basic calculator and

Normal distribution tables all are ailowed.

(a) Explain Duration of a zero-coupon bond. A 4-year

bond with a yield of l0% (continuously
compounded) pays a 9Yo coupon at the end of
each year.

P.T.O.

2.

J.

4.

I
1.
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(i) What is the bond's price?

(ii) Use duration to calculate the effect on the

bond's price of a 0.3% decrease in its

' Yield? 
. o&.,.

(You can use the exponential values: e* : 0.90+8, 
4 1-

0.8187, 0.7408, and 0.6703 for x: -0.1, -0.2,

-0.3, and -0.4, respectively)

(b) Explain Continuous Compounding. Suppose R.

denotes rate of interest with continuous

compounding and R. denotes equivalent rate with

compounding m times per annum. Find the relation

between R. and R-.

(c) An investor receives { 1 1 00 in one year in return

for an investment of { 1000 norv. Calculate the

percentage return per annum rvith :

(i) Annual compounding

(ii) Semi-annual compounding

(iii) ContinLrous compounding.

(You can use: 1n(1.1) : 0.953)
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2.

(d) Define Bond Yield and Par Yield. Suppose that

the 6-rnonth, 12-month, 18-month, and 24-month

zero rates are 5o/o,60 ,6.syo andTo/o respectively.

What is the 2-year par yield? (You can use the

exponential values: e' : 0.9753, 0.9418, 0.9071,

0.8694 for x : 0.025, -0.06, -0.0975, -0.14,
respectively.)

(a) Explain Hedging. A United States company

expects to pay 1 million Canadian dollars in 6

months. Explain how the exchange rate risk can

be hedged using

(i) A Forward Contract

(ii) An Option.

(b) (i) What is the difference between the over-the

counter market and the exchange-traded

marke t?

(ii) An investor enters a short forward contract

to sell 175,000 British pounds for US dollars

at an exchange rate of 1.900 US dollars per

pound. FIow much does the investor gain or

lose if the exchange rate at the end of the

contract is 2.420?

P.T.O.
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(u)

(c) A 1-year forward contract on a non-dividend paying

stock is entered into when the stock price is
{40, and the risk-free rate of interest is 10%

per annum with continuous compounding. What is

the forward price? Justify using no arbitrage

arguments. (so r :1 .1052)

(d) (i) A trader writes an October call option with a

strike price of { 35. The price of the option

is { 6. Under what circumstances does the

trader make a gain.

(ii) Suppose that you own 6,000 shares worth

{ 75 each. How can put options be used to

provide an insurance against a decline in

the value of the holding over the next 4

months?

Draw the diagrams illustrating the effect of

changes in stock price, strike price, and expiration

date on European call and put option prices

when

So: 50, K: 50, r: 5Yo, o - 30o/o, and T:1

,. tB,.
r, &"
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4.

(b) Derive the put-call parity fbr European options on

a non-dividend-paying stock. Use put-call parity

to derive the relationship between the delta of a

European call and the delta of a European put on

a non-dividend-paying stock.

(c) An investor sells a European call on a share for

{ 4. The stock price is { 47 and the strike price

is { 50. Under what circumstances does the

investor make a profit? Under what circumstances

will the option be exercised? Draw a diagram

showing the variation of the investor's profit with
the stock price at the maturity of the option.

(d) Define upper bound and lower bound for European

options on a non-dividend- paying stock. What is

a lower bound for ttre price of a 3-month European

put option on a non-dividend-paying stock when

the stock price is {38, the strike price is (40, and

tlre risk-free interest rate is l0o/o per annurn?

Justify using no arbitrage arguments. ("-0.04 :
0.97 s3)

(a) A 4-month European call option on a dividend-

paying stock is currently seliing for ( 50. The stock

P.T.O.
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price is { 640, the strike price is { 600, and a

dividend of t 8 is expected in 1 month. The risk-

free interest rate is l2o/o pet annum for all

maturities. What opportunities are there for an

arbitrageur? (e o o+ : 0.9608)

(b) Consider a one-period binomial model where the

stock can either go up from So to Sou (u > 1) or

down from So to S,.,d (d < 1). Suppose we have an

option with payoff f" if the stock moves up and

payoff fo if the stock moves down. By considering

a portfolio consisting of long position in A shares 
j:dh

of stock and a short position in the option, find the

price of the option. Explain how the price can be

expressed as an expected payoff discounted by

the risk-free interest rate.

(c) A stock price is currently t 50. It is knorvn that

at the end of two months it will be either { 53 or

{ 48. The risk-free interest rate is l2o/o pet

annlrm with continuous compounding. What is the

value of a two-month European call option with a

strike price of t 49? Use no-arbitrage arguments.

(eo.02 : 1.0202)
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(d) Consider a two-period binomial model with current

stock price So: { 100, the up factor u: 1.3, the

down factor d:0.8, T: l year and each period

being of length six months. The risk-free interest

rate is 5% per annum with continuous

compounding. Construct the two-period binomial

tree for the stock. Find the price of an American

put option with strike K : { 95 and maturity

T : 1 year. (e oo2s : 0.9753)

5. (a) Stock price in the Black-Scholes model satisfies

7

t
lnS" - S llnSs

I

where 0(m, v) denotes

mean m and variance

.('-fl''"4
a normal distributi

v. Find Var[Srl.

on with

(b) What is the price of a European put option on a

non-dividend-paying stock when the stock price is

{ 69, the strike pri.ce is { 70, the risk-free interest

rate is 5Y, per annum, the volatility is 35oh per

annum, and the time to maturity is six months?

(You can use exponential values' e 0 014'l : 0.9857,

e--0.025 : 0.9753 )

P.T.O.
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(c) Let V be a iognormal random variable with o being

the standard deviation of ln V. Prove that

E[max(V - K, 0)] : E(V)N(dr) - KN(d2)

where

d.t

6.

and E denotes the expected value. Use this result

to derive the Black-Scholes formula for the price

of a European call option on a non-dividend paying

stock.

(d) A stock price is currently { 50. Assume that the

expected return from the stock is 18% and its

volatility is 30%. What is the probability distribution

for the stock price in 2 years? Calculate the mean

and standard deviation of the distribution.
(eo.rE :1 .19j2)

(a) Discuss gamma of a portfolio of options and

calculate the gamma of a European call option on

a non-dividend-paying stock where the stock price

is { 49, the strike price is ( 50, the risk-fi'ee
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interest rate is 5%o per annum and the time to
maturity is 20 weeks, and the stock price volatility
is 30% per annum. (h(a9l50) : -0.0202)

What is the relationship between delta, theta and

gamma of an option? Show by substituting for

various terms in this relationship that it is true for

a single European put option on a non-dividend-

paying stock.

(c) Find the payoff from a bear spread created using

put options. Also draw the profit diagram

corresponding to this trading strategy.

(d) Companies X wishes to borrow US dollars at a

fixed interest rate. Company Y wishes to borrow

Indians rupees at a fixed rate of interest. The

amounts required by the two companies are

roughly the same at the current exchange rate.

The companies have been quoted the following

interest rates, which have been adjusted for the

impact of taxes :

Rupees Dollars
Company X 9.6o/o 6.0%

CompanyY Ll.l%o 6.40/o

P.T.O.

(b)

+1
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Design a swap that will net

intermediary, 50 basis points

the swap equally attractive to

and ensure that all foreign

assumed by the bank.

a bank, acting as

per alnum. Make

the two companies

exchange risk is

(2000)
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Instructio4s for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question Paper.

Attempt any two parts from each question'

All questions carry equal marks.

(a) Solve the following Linear Programming Problem

by Graphical Method :

P.T.O.

Sr. No. of Question PaPer

Unique Paper Code

Name of the Paper

Name of the Course

1

1.
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Minimize
subject to

3x12y
5x+y210
x*y>-5
x*4y212
x20,y20.

(b) Define a Convex Set. Shorv that

AS:

S : {(^,y) l*'+ yt < 4} is a

the set S defined

Convex Set.

(c) Find all basic feasible solutions of the equations:

X, * xz 1 2xt + 3xo: 12

xr*2xr*x*:8

(d) Prove that to every basic feasible solution of the

Linear Programming Problem:

Minimize z - cx

subject to Ax : b, x ) 0

there corresponds an extreme point of the feasible

region.
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2. (a) Let us consider the following Linear Programming

Problem:

Minimize z: cx

subject to Ax : b, x ) 0

Let (rr,0) be a basic feasible solution
corresponding to a basis B having an a, with
,j- cj > 0 and all corresponding enteries r,r a O,

then show that Linear Programming Problem has

an unbounded solution.

(b) Let xt:2,x2: l, x3: 1 be a feasible solution to

the system of equations:

x, * 4x, - x: : 5

2x, + 3x, + xr: 18

Is this a basic feasible solution? If not, reduce it
to two different basic feasible solutions.

(c) Using Simplex method, find the solution of the

following Linear Programming Problem:

Minimize x1- 3x2 * Zxs
subjectto 3xt- x2* Zxs S7

Zxr- 4x2> -LZ
-4x1*3x2* 8r3 < 10

X1,X2,X3 2 0.

P.T.O.

3
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(d) Solve the following Linear Programming Problem

by Big-M method:

Maximize x1- 4x2*3x3
subject to'J,'; 

i;*-',;;r==n!,
3x1*x2*Zxs=39
XyX2,X3 2 0,

3. (a) Solve the following Linear Programming Problem

by Two Phase Method:

Maximize x, * 4x2 * 3xs
subject to x1* x2* 42 4

--2xr*3x2-x3<2
x2-24<I

IYx2,x3 ) Q'

(b) Find the solution of given system of equations using

Simplex Method:

:x,-2r.:8

x, * 2xr: 4

Also find rhe inverse of A wher" o=[i ;)

(c) Using Simplex method, find the solution of the

following Linear Programming Problem :

4



1299

Maximize
subject to

(d) Find the

Problem

3

,2x1* x2

\-x23L0
Zxt- xz < 40
rt20, xz>0,

optimal solution

with the following
of the Assignment

cost matrix :

(a)4. Find the Dual of following Linear Programming

Problem :

Minimize xL + xz + 3x3
subject to

4x, + Bx22 3

7x2+4xs<6
3x1-2x2*Sx3:7
xt 3 0, xz 2 0, x3 is unrestricted'

P.T.O.

---._!tachines
Job

I II m IV VI

A 4 8 5 4 6 9

B 8 J 8 4 l1 7

C 9 5 7 9 8

D IO 9 5 6 9 9

E 5 1l 9 ,0 10 9

F 9 5 7 t0 8 7
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(b) State and prove the Weak Duality Theorem. Also

show that if the objective function values

corresponding to feasible solutions of the Primal

and Dual Problem are equal then the respective

solutions are optimal for the respective Problems'

(c) Using Complementary Slackness Theorem, find

optimal solutions of the following Linear

Programming Problem and its Dual:

Maximize 4x1* 3x2
subject to

x1* 2x2 < 2

x1- 2x2 33
2\* 3x2 S 5
x1*x2<2
3\+ xzSS
xtxz2 0.

(d) For the following cost minimization Transportation

Problem find initial basic feasible solutions by using

North West Comer rule, Least Cost Method and

Vogel's Approximation Method. Compare the

three solutions (in terms of the cost):

--'-Destination
Source------.-

A B C D E Supply

I l5 15 l6 17 l5 24

Il l8 19 16 z0 15 38

III 16 l5 a1 l7 20 43

Demand 27 12 32 t7 t7
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Solve the following
Transportation Problem :

co st minimization(a)5.

(b)

dldry II UI ry Availability

A l0 1l t0 13 30

B t2 t2 tl l0 50

C l3 ll t4 18 20

Requirements 20 40 30 10

Four new machines are to be installed in a machine

shop and there are five vacant places available.

Each machine can be installed at to one and only
one place. The cost of installation of each job on

each place is given in table below. Find the Optimal

Assignment. Also find which place remains vacant.

P.T.O.

\ Place
Machint\

A B C D E

I t3 15 l9 t4 l5

II t6 l3 l3 14 l3

u l4 l5 l8 15 ll

ry 18 t2 l6 t2 l0
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(c) Define Maxmin and Minmax value for a Fair

Game. Using Maxmin and Minmax Principle, find

the saddle point, if exists, for the following pay -
off matrix :

Player2

Convert the following Game Problem into a Linear

Programming Problem for player A and player B

and solve it by Simplex Method :

PlaYer B

erarera[! ; ll

(2200)

Player I

ri iil
(d)
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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. Attempt any two parts from each question.

1. (a) (i) If D is an Integral domain, prove that D[x] is

an integral domain.

(ii) If R is a commutative ring, prove that the

characteristic of RIx] is same as the
characteristic of R.

Let f(x) : 5xa * 3x3 + 1 and g(x) : 3x2 + 2x + I
in Zrlx).Compute the product f(x)g(x). Determine

the quotient and the remainder upon dividing f(x)
bv e(x).

P.T.O.

(b)

i

a
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(c)

)

Let F be a field and let I: {anxn * o, rx'1+.....
+aola, e F and f(1): ?* * ..'. oo:0). Prove that

I is an Ideal of F[x] and find a generator of I.

Let R[x] denote the ring of polynomials with real

coefficients. Then prove that ++ is
(*' - r/

isomorphic to the ring of complex numbers.
(3+3.5,6.5,6.5,6.5)

(d)

2. (a) (i) Let F be a field and p(x) e

over F. Prove that <p(x)>

in F[x].

(ii) Show that, , ,"1") -,(x'+x+1/
elements.

F[x] be irreducible

is a marimal ideal

is a field with 8

afe(b) Determine which of the polynomials below

irreducible over Q.

(i) 3x5 + 15xa - 20x3 + 10x + 20

(ii)xa+x+1

(c) In integral domain ,lJ-), prove that 1+J=
irreducible but not prime.

1S
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(d) Define Euclidean domain. prove that ever),
Euclidean domain is a principal icieal domain.

(3+3,3+3,6,6)

3. (a) Let V : P,(R) and V. denote the clual space of V.

For p(x) e V, define

fFa\/*nlr. 12 e v by f,(p(x)l: 
Jn 

p(r)at and l.(p(xy; =

n2

Jn n(t)at, Prove rhar {f,, f,} is a basis for V.

and find a basis for V for which it is the dual

basi s.

(b) Let W be a subspace of finite dimensional vector

space V. Prove that

dim(W) + dim(W") = dim(V), where Wo is
annihilator of W.

(c) Let T be a linear operator on Mn,,(R) defined by

T(A) = At. Show that +1 are the only eigenvalues

of T. Find the eigenvectors corresponding to each

eigenvalue. Also find bases for M,,,(R) consisting
of eigenvectors of T.

P.T.O,
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(a)4.

(d) Let T be a linear operator on Rr defined by

T(a, b, c) : (3a + b, 3b + 4c, 4c). Show that T is
digonalizable by finding a basis for R3 consisting

of eigen vectors of T. (6.5,6.5,6.5,6.5)

Let T be a linear operator on finite dimensional

vector space V and let W be the T-cyclic subspace

of V generated by a non-zero vector y e V.

Let k: dim (W). Then prove that {r,,T(r,), ... ... ..,

Tk r(v)) is basis tbr W.

State Cayley Hamilton Theorem. Verify the

theorem for iinear operator T: R2 -+ R2 defined

by T(a, b) : (a + 2b, -2a + b).

(c) Let T be a linear operator on R3 defined by

T(a, b, c) : (3a - b, 2b, a - b + 2c). Find the

characteristic polynomial and minimal polynomial

of T.

(d) (i) Let T be an invertible linear operator. Prove

that a scalar )" is an eigen value of T if and

only if )"-1 is an eigenvalue of T r"

(ii) Prove that similar matrices have the same

characteristic polynomial. (6,6,6,3+3)

(b)
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s. (a)

5

a complex

For x,ye
Show that in
over field F.

identities

(i) <x, y>

inner product space V

V, prove the following

(ii) <x, y> :

:l - 1I - t.

yll2 if F: R

if F: C, where

(b) Let V be an inner product space, and let

S : {vr,t'),..., t',} be an orthonormal subset of V.

Prove the Bessel's Inequality :

^n
ll*ll'= I (*.',)l' for any x e v.

i=l

Further prove that Bessel's Inequaiity is an equality

if and only if r e span(S).

(c) Let V : P,(R), with the inner product

and with the standard basis {1, x, x2}. Use Gram-

Scmidth process to obtain an orthonormal basis B

of P.(R). Also, compute the Fourier coefficients

of h(x) : 1 + x relative to B.

P.T.O.

lll^+

lyo
t Lu:
a

vll, -{ ll*

.r ll .r ll2t 
ll* 

*, yll

I

(r(*),s(*)) = Ir(,)g(,)a,
0
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6.

(d) Find the minimal solution

of linear equations

x+2Y-z:l
2x+3Ylz:2
4x+7Y-z:4

to the following system

(3+3.5,6.5,6.5,6.5)

(a) For the data {(-3,9), (*2,6), (0,2), (1, 1)}, use

the least squares approximation to find the best fit
with a linear function and compute the error E.

(b) Let T be a linear operator on a finite dimensional
inner product space V. Suppose that the

characteristic polynomial of T splits. Then prove

that there exists an orthonormal basis B for V
such that the matrix [T]U is upper triangular.

(c) (i) Let T be a linear operator on Cr defined by

T(a, b) : (2a + ib, a * 2b). Deterrnine whether

T is normal, self-adjoint, or neither.

(ii) For z e C, define T,: C
Characterize those z for
sell adjoint. or unitary.

(d) Let U be a Unitary operator

space V and let W be a

U -invariant subspace of V.

(i) u(w) : w
(ii) Wr is U-invariant

-+ C by T,(u) : zu.

which T. is normal,

on an inner product

finite dimensional
Then, prove that

(6,6,3+3,3+3)

(3000)


